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Suppose S is a planar space with v >4 points and let ¢ be the positive real number such
that v=¢° +¢Z+q+1. Assuming a weak non-degeneracy condition, we shall show that S has at
least (g2 +1)(g®+g+1) lines with equality iff ¢ is a prime power and S=PG(3,¢).

1. Introduction

A linear space is a pair 8= (P,£) consisting of a set P of points and a set & of
subsets of P, called lines, such that any two distinct points occur in a unique line,
every line has at least two points, and there are at least two lines. A subspace of S
is a set S of points such that every line that has two points in S is contained in S.
A planar space is a linear space together with a set & of subspaces, called planes,
such that any three non-collinear points occur in a unique plane, every plane has
three non-collinear points, and there are at least two planes.

The famous de Bruijn—Erdés-Hanani Theorem ([1,4]) says that every linear
space has at least as many lines as points with equality iff it is a (possibly de-
generate) projective plane. In this paper we prove an analogous result for planar
spaces.

Let S be a planar space, v the number of its points and b the number of its
lines. Dowling and Wilson ([2]) showed that b>2(v—1) with equality iff S is the
direct product of a (possibly degenerate) projective plane and a point, which means
that § has a plane with v—1 points that is a projective plane. A planar space with a
plane E containing ”almost” all points is degenerate in the sense that its structure
is dominated by the structure of E. Assuming a weak non-degeneracy condition,
one can improve the bound for the number of lines substantially.

Theorem 1.1. Let S be a finite planar space with v>4 goints and b lines, and let g
be the unique positive real number satisfying v=q>+q? +q+1. If every plane has
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at most ¢°+q2+1 points, then b> (g2 +1)(¢®> +q-+1) with equality iff q is a prime
power and S is the 3-dimensional projective space PG(3,q) of order q.

Remark. If some plane E has v—c points, v=¢°+¢?+q+1, c< g, then S has at
least (c+1)(v—c)—(3) lines (at least |E|=v~c lines in E and at least c(v—c)—(§)
lines joining the ¢ points not on E to the points on E). Planar spaces with b=
(c+1)(v~c)—(3) can be constructed as follows.

Consider a partition My,...,M; of the set M of unordered pairs {7,7}, 4,7 =
1,...,c and 7# 7, with the property that all pairs contained in the same set M}, are
disjoint. Choose a projective plane with v—c points which has a line [ with at least
s points and choose points Qi,...,Qs on I. For example, F can be a degenerate
projective plane, which has a line [ of size v—c—1>(5), s=(3), and Mj,..., M, is
the trivial partition of M. The planar space consists of the plane E and ¢ points
Py,...,P: not on E and such that the line joining P; and P; contains the point Q
where {Z,j} is in M.

One might also start with a 3-dimensional projective space P, a plane E of P
and ¢ points Pi,...,P. not on E no three of which are collinear. Then let S be the
planar space induced by P on EU{P;,...,P.}.

2. Proof of the theorem

In this section, S denotes a planar space with v > 4 points and b lines. The
number of lines on a point P is denoted by rp and is called the degree of P. The
number of points on a line ! is denoted by k; and is called the degree of I.

We define a function f by f(s,v) =s%(v—s)/(v—1) for 2< s<wv—1. The
following lemma is a variant of a result of Stanton and Kalbfleisch [5].

Lemma 2.1. Suppose that S is a subspace of § with s points. Then there are at
least f(s,v) lines which intersect S in precisely one point.

Proof. Denote by A the set of lines that meet S in precisely one point. Since every
point of S is joined to every point outside of S by a line of ML, we have } 7, 4 (k—1) =
s(v—s). Since the lines of M cover every pair of points outside of S at most once,
we have Yy (ki —1)(kj—2) < (v—s)(v—s—1). It follows that Y ;4 (k —1)? <
(v—s){v=1). Using the inequality of Cauchy and Schwarz, we conclude that

2
P52 = [ Yla-1)| <WIY (-1 < Wi - s)w 1.
led leM
Consequently M| > f(s,v). ]

Let q be the unique positive real number such that the number of points is v=
g3 +q?+q+1. We suppose that every plane has at most ¢3+¢%+1 pomts and that
the number of lines is at most (¢2+1)(g?+g+1). We shall show that g is a prime
power and S=PG(3,q).
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Lemma 2.2. Every plane has at most ¢° +q+ 1 points.

Proof. Let E be a plane and set e = |E|. Since E contains at least e lines (by
the de Bruijn—Erdés—Hanani Theorem mentioned in the introduction), Lemma 2.1
shows that bZe-i—f(e,v)::g(e,v).

Assume that ¢?+¢+1<e<g®+¢?+1. Since the function & — g(z,v) has
two extrema, a minimum for a negatlve value of z and a max1mum for a positive
value of z, 1t follows that b > g(g? +¢+1,v) or b> a(@®+¢?+1, v). Since b <
(¢ +1)(g® +q+1), both cases lead to a contradiction. ]

Lemma 2.3. If the average point degree is at least ¢> +q+1, then S=PG{3,q).

Proof. Denote the average point degree by r and suppose that r > ¢2 +¢+1. We

have 3 ey k(b —1)=v(v—1) and 3 ,cpk; =) peprp=v-7. Hence ) iy kl
v(v—14+7)=v(¢®+¢*+q+7)<v(g-r+7)=v(g+1)r. Denote by b the number of
lines. Then, using the inequality of Cauchy and Schwarz, we obtain

2

(1) bu(g+1)r > bz k> Z k| =22

lef lef

Consequently b> '_’:1 =(g®+1)r > (¢ +1)(¢®>+g+1). Hence, b=(q?+1)(¢% +q+1)
and equality holds in (1), which implies that every line has the same degree k. It
is given by bk(k—1)=v(v—1), so k= q+1 and every plane is a 2-design with line
degree g+1. Since planes have at most ¢2+q+1 pomts it follows that every plane
is a projective plane of order q. The points are on 1’% g®+q+1 lines and each

line lies in Tr:q-}—l planes. Hence, ¢ must be a prime power and S=PG(3,q). i

: 2
Lemma 2.4. A line of degree k meets at least ﬂf‘—’“) other lines.

Proof. Suppose that a F is a plane that contains the line I of degree k. Then, by

2
Lemma 2.1, [ meets at least f(”IE' —k) > k 9E4|-q k) lines of E. Taking the sum over

2(p—
the planes containing [, we see that | meets at least 16(2#1 lines. | |

Lemma 2.5. Suppose that ki,...,ky, 7 >1, are positive integers satisfying 3(kitk;) <
2v for different indicesi,j€{1,...,7}. Set k:=1 = Y i—1 k; and define f(z) —w2(v—:c).
Then Y1, f(ki)>rf(k).

Proof. We proceed by induction on the number n of indices i satisfying k; #k. If

n =0, then the statement is trivial. Suppose that »>0. Then there are indices i
and j with k; <k <k;. We may assume that k; <k<kg. Put d:=ky —k. Then

f(k1) + f(k2) — f(ky +d) — f(k2 — d) = d(2v — 3k; — 3kg)(kz — k1 — d) > 0,

since kg — k) —d =k —ky > 0. It suffices therefore to verify the statement, if we
replace k1 by k; +d and kg by ko —d = k. But this follows from the induction
hypothesis, since still k:% i—1 k; and 3(k; +k;) <2v for different indices i and j
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(this is trivial, if 2,7 #1 or {4,7}={1,2}; also 3(k1+k;) <2v for >3, since the new
value of k; is still less then the old value of kz). |

Lemma 2.6. If.{ is the set of lines passing through a point P, then ), 4 kl2 (v—ky) =
rpk?(v—k) where k is the average degree of the lines in M.

Proof. This will follow from the preceding lemma, if we can show that 3(k;+kp) <
2v for any distinct lines I,h €4l. Consider lines [,h €. The sum of their degrees
1s at most one more than the number of points in the plane they span, so kp, +k&; <

¢ +q+2 and hence ky, +k; < |g®+g+2].

Assume that 20 <3({k;+ky). Then 2(q3+q2+q+1) <3(q?+¢+2), which implies
that g<2. Hence 20<3(ky+kp) <3+ g% +¢+2] <3-7=21, and thus » < 10.

If v=¢3+¢?>+qg+1=10 then g < 1.7; therefore g2 +g+2 <7 and hence 2v >
3-1¢>+q+2], a contradiction.

Next consider the case in which v=9. Then ¢< 1.6, so g2 +¢+1<6 and the
number of lines is b< (g2 +1)(¢® +¢+1) <19. By Lemma 2. 2, every plane has at
most 5 points. On the other hand, 18 =2v < 3(k;+kp), so kl—}-kh >6. Hence k;-+kp =
6 and the plane E spanned by h and [ has 5 points. If [ has 4 points, then every
other line meeting [ has 2 points and there must be 4(v—4)=20 of them. But b<
19, so [ and h have degree 3 and E has 6 lines. Lemma 2.1 implies that there are
at least 52(v—5)/(v—1)>12 lines that meet E in one point. Hence b>6412=18,
a contradiction.

If v=8 then ¢< 1.5 and ¢>+¢+2<6. But 20<3-|¢?+¢+2], so v=8 is not
possible.

Assume that v="7. Then ¢g<1.4, ¢®>-+q+1<5 and b<(¢2+1)(¢? +g+1)<13.
Hence every plane has at most 4 points, which implies that the lines have size 2 or
3 and distinct lines of size 3 are disjoint. Thus there are at most two 3-lines. It
follows that the number of 2-lines is at least 4[v(v—1)—2-3-2] =15, a contradiction.

If ve{5,6}, then g < 1.3, so planes have at most ¢®>+q+1 < 4 points, which
implies that every line has degree 2; therefore b= %v(v— 1), a contradiction, since
b< (2 +1) (g +q+1). ]

Lemma 2.7. The number q is a prime power and S=PG(3,q).

Proof. In view of Lemma 2.3, we may assume that the average point degree is at
most ¢ +g+1. We shall show that in this case every point has degree ¢° +¢+1.
Let Py be a point and denote by r its degree and by L the set of lines on Fy. If
led, then Lemma 2.4 shows

kP (v —ky)
Z (TP"l)ZJ—’QT——(T—l)-
Pel\{Po} q 4
Consequently

S:(rp—l (r—1 +Z(k (;}Jrq —(7‘—1)>.

Pe? leM
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Since the average point degree is at most g2 +g+1, it follows that

k(v — k)

(2) (r=12+v(+9) > ) P

ledl

The average degree k of the lines of M is given by v—1=7(k—1). Therefore (2)
and the preceding lemma imply that

2 2 k(v — k)
(r=1*+v(¢°+q) >r P
Assume that r <g*+g+1. Then k>q+1, since v—1=r(k—1). Also k<g%+¢q<
v—q—1, since every plane has at most g%+ ¢+ 1 points. Since the polynomial f
defined by f(z):=xz(v—z) has degree 2 and negative leading coefficient, and in view
of f(g+1)=f(v—g—1), it follows that k(v—k)= f(k) > f(g+1)=(q+1){(v—g—1)=
¢%(g+1)?%. Hence

(r=1)?+v(g* +q) 2 rkg(g+1) = (v — 1 +7r)g(g + 1).
Consequently (r—1)2>(r—1)g(g+1), so 7>¢%+g+1. Since Py was any point, it

follows that the average point degree is at least g2 +¢+1. Lemma 2.3 completes
the proof of the lemma. i

A problem

Can a theorem similar to Theorem 1.1 be proved for the number of lines in a
geometric lattice of any dimension? More generally, for ¢>1 and d>2, define

d+1__1 d e, .
@d:=qq—_1———:qd+...+q+1 and \Il‘sij_'%zn d—i

=0 ¢

Assuming some non-degeneracy condition, is it possible to prove that a geometric
lattice of rank d+1 (hence dimension d) with ©4 points has at least 'Il‘sii% subspaces
of rank s+1 (dimension s), 1 <s<d—1, with equality iff it is PG(d,q)? This is
known to be true only if s=d~1 (see [3]) or d=3 and s=1 (Theorem 1.1).
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